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1. (a) Let f ∈ Cp(S ′×S ′×·×S ′) = Cp(Sn) for some p ≥ n+1
2

. Show that

[4]

∑

k∈Zn

|f̂(k)| < ∞.

(b) Show that
∑
|k|≤L

f̂(k
∼
) e

ik∼·θ∼
(2û)n/2 converges uniformly to f(θ

∼
) as L →∞.

[2]

2. (a) Show that closure (in the sup norm) of linear span [3]

{eik∼·θ∼ : k
∼
∈ Z2, θ

∼
= (θ1, θ2)} = C(S ′ × S ′).

(b) Show that {f ∈ C([0, 2π] × [0, 2π] : f(0, t) = f(2π, t), f(s, 0) =
f(s, 2π) for all s, t} is dense in L2([0, 2π] × [0, 2π]). You can assume
C([0, 2π]× [0, 2π]) is dense in L2([0, 2π]× [0, 2π]). [3]

(c) State and prove a theorem connecting ‖f‖L2([0,2π]2) and
∑

k∼∈Z2

|f̂(k
∼
)|2

when f̂(k
∼
) is the Fourier coefficient of f . [3]

3. Let f0 = χ[0,1) and fj,n = χ[j2−n,(j+1)2−n) − χ[(j+1)2−n,(j+2)2−n) for 0 ≤
j ≤ 2n − 2, n = 1, 2, 3, . . .. If g ∈ L2[0, 1] is orthogonal to f0 and fj,n

for all j, n show that g ≡ 0. [3]

4. a) Let f(x) = e−x2/2 for x real. Show that f̂ = f . [2]

b) Let α > 0. Let g(x) = e−αx2
for x real calculate ĝ. [1]



c) Let g be as in (b). Show that g attains the minimum in Heisenberg
Uncertainity principle. [4]

d) Let εk = linspan{e−x2

2 xj : 0 ≤ j ≤ k}. Show that ε̂k = εk for
k = 0, 1, 2, . . .. [3]

5. (a) Let f(x) = x−1/2 for
0 < x ≤ 1 and 0 otherwise. Find (Mf )(0). [1]

b) If g : R → C is a measurable function such that g(x) = 0 for x ≤ 0
and lim

x→∞
|g(x)| = ∞, show that (Mg)(u) = ∞ for all u. [4]

6. Show that [3]

HL′(R) 6⊂ L′(R).

7. Prove Marcinkiewics theorem viz. let (X,S, µ), (Y, Γ, γ) be σ-finite
measure spaces. Let F(X,C) = {f : [X,S] → C, f is measurable}.
Let T be a sublinear operator: F(X,C) → F(Y,C) satisfying
(a) If g ∈ L∞(X, µ), then Tg ∈ L∞(Y, γ) and there exists a constant
C∞ such that

‖Tg‖∞ ≤ C∞‖g‖∞.

(b) Let 1 ≤ po < ∞. If g ∈ Lp0(X,µ) then Tg satisfies

tp0γ{y : |(Tg)(y)| > t} ≤ Cp0 ‖g‖p0
p0

for some constant cp0 independent of g.

Then for p0 < p < ∞, there exists a constant Cp such that ‖Tg‖p ≤
Cp ‖g‖p for all g ∈ Lp(X, µ). [10]

8. Show that Lp
w(Rn) 6⊂ ⋃

q≥1

Lq(Rn). [4]

9. Let f = χ[0,1]. Calculate f̂ . Show that (a) f̂ ∈ ⋂
p>1

Lp(R) [2],

(b) f̂ 6∈ L′(R). [2]

10. Let f ∈ L′loc(R
n). If Mf ∈ L′(Rn), then f ≡ 0. [3]


